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Abstract. In [19] . we proved that, under certain hypotheses, the moduli 
space of an asymptotically cylindrical special Lagrangian submanifold with 
fixed boundary of an asymptotically cylindrical Calabi-Yau 3-fold is a smooth 
manifold. Here we prove the analogous result for an asymptotically cylindrical 
special Lagrangian submanifold with moving boundary. 



1. Introduction 

The goal of the present paper is to prove the following theorem: 

Theorem 1.1. Assume that (X,uj,g,Q) is an asymptotically cylindrical Calabi- 
Yau 3-fold, asymptotic to M x S 1 x (R, oo) with decay rate a < 0, where M is a 
compact, connected K3 surface, and that L is an asymptotically cylindrical special 
Lagrangian 3-submanifold in X asymptotic to N x {p} x (i?',oo) for R! > R with 
decay rate f3 for a < P < where N is a compact special Lagrangian 2- fold in 
M and p e S* 1 . Let 7 < be such that (3 < 7 and such that (0, 7 2 ] contains no 
eigenvalues of the Laplacian on functions on N nor eigenvalues of the Laplacian 
on exact 1- forms on N . 

Let T : H 1 (N, M) — > H 2 S (L,M) be the linear map coming from the long exact 
sequence in cohomology (so that kerT is a vector subspace of H 1 ^)), let U be 
a small open neighborhood of in ker T and let N s denote the special Lagrangian 
submanifolds of M near N for some s EU. Then the moduli space of asymp- 
totically cylindrical special Lagrangian submanifolds in X close to L, and asymp- 
totic to N s x {p} x (R',00) with decay rate 7 is a smooth manifold of dimension 
dimV + dim kerT = dimV + b 2 (L) - 6 x (i) + b°(L) - b 2 (N) + ^(N), where V is 
the image of H^ S (L) in 

We begin the paper with a recapitulation of the definitions from Calabi-Yau 
and special Lagrangian geometry and the definitions of asymptotically cylindrical 
Calabi-Yau 3-folds and their asymptotically cylindrical special Lagrangian subman- 
ifolds. Then we recall a bit of the theory of elliptic operators on asymptotically 
cylindrical manifolds developed by Lockhart and McOwen in [TTJ |1Q| . Next we 
provide a sketch of the proof of the fixed boundary case from pjj] (in fact, portions 
of that proof will carry over directly to our current work), followed by the proof of 
Theorem 11.11 Finally, as a application of our work in these papers, we prove the 
following theorem of Leung: 

Theorem 1.2. Let X be a Calabi-Yau 3-fold asymptotic to M x S 1 x (i?, oo), M 
a K3-surface, and let L be a special Lagrangian submanifold of X asymptotic to 
N x {p} x (R',00), N a special Lagrangian submanifold of M. Let M SLag (X) 
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be the moduli space of special Lagrangian cycles in X and A4 SLag (M) the moduli 
space of special Lagrangian cycles in M . Then the boundary map b : A4 9 (X) — » 
Ai SLag (M) given by b(L, De) — (N,De') is a Lagrangian immersion. 

2. Calabi-Yau and Special Lagrangian Geometry 

We begin with the definitions of a Calabi-Yau n-fold and special Lagrangian 
n-submanifold, and we give the definitions of (asymptotically) cylindrical Calabi- 
Yau 3-folds and (asymptotically) cylindrical special Lagrangian 3-submanifolds. 
References for this section include: Harvey and Lawson, [4|; Joyce, [6]; McLean, 
[H; and Kovalev, [5j. 

Definition 2.1. A complex n-dimensional Calabi-Yau manifold (X, ui,g, CI) is a 
Kahler manifold with zero first Chern class, that is C\(X) = 0. In this case, 
(X, u>,g, fi) is also called a Calabi-Yau n-fold. 

Remark. As the complex structure coming from the Kahler condition will play no 
direct role in our work, we omit it from our notation. 

Definition 2.2. A real n-dimensional submanifold L Q X is special Lagrangian if 
L is Lagrangian (i.e. uj\l = 0) and Imf2 restricted to L is zero. In this case, we 
will also call L a special Lagrangian n- submanifold. 

Remark. Re fl restricts to be the volume form with respect to the induced metric 
on special Lagrangian submanifolds, so that the special Lagrangian submanifolds 
L of a Calabi-Yau manifold X are exactly the calibrated submanifolds of X with 
respect to the calibration form Ref2 (see [H Section 3.1] for more information 
regarding this point) . 

We now define cylindrical and asymptotically cylindrical Calabi-Yau manifolds. 
See [5] for more information on the definitions in this section. 

Definition 2.3. A Calabi-Yau 3-fold (Xq, u>o, go, Clo) is called cylindrical if Xo = 
M x S 1 x R where M is a connected, compact K3 surface with Kahler form kj and 
holomorphic (2,0)-form kj + iKK, and (loq, go, f2o) is compatible with the product 
structure MxJ'xR, that is, loq — kj + d9 A dt, S~Iq — {kj + ik-k) A (dO + idt) and 
.9o = 5(MxSi) + d ^ 2 - 

Remark. The indices on the 2-forms ki, kj and kk on M are meant to reflect the 
hyperkahler structure of M. (This is consistent with the notation in [8].) 

Definition 2.4. A connected, complete Calabi-Yau 3-fold (A, ui,g, fl) is called 
asymptotically cylindrical with decay rate a < if there exists a cylindrical Calabi- 
Yau 3-fold (Xo, ojq, go, CIq) as in Definition 12. 3| a compact subset K C X, a real 
number R > 0, and a diffeomorphism f : M x S 1 x (R, oo) — > X \ K such that 
= Lu a + d^i for some 1-form ^ with \ V k ^ \ = 0(e at ) and = fi + d^ 2 

for some complex 2-form ^ 2 with | \7 fc ^ 2 1 = 0(e at ) on M x S 1 x E for all fc ^ 0, 
where V is the Levi-Civita connection of the cylindrical metric 50 = g^Mxs 1 ) +dt 2 . 

This definition implies that the restriction of the Kahler form ui and holomorphic 
(3, 0)-form CI equals to the above for large t, up to a possible error of order 0(e at ) 
for some parameter a < 0. Notice also in this definition that we assume X and 



DEFORMATIONS OF AC SPECIAL LAGRANGIAN SUBMANIFOLDS 3 

M are connected, so that X only has one end; since we are working with Ricci- 
flat manifolds, this is not a restrictive assumption by a result obtained by the first 
author in [16j . 

We now define cylindrical and asymptotically cylindrical special Lagrangian sub- 
manifolds similarly. 

Definition 2.5. Let (Xq, loq, go, fio) be a cylindrical Calabi-Yau 3-fold as in Def- 
inition 12.31 A 3-dimcnsional submanifold Lq of Xq is called cylindrical special 
Lagrangian if Lq — N x {p} x R for some compact special Lagrangian submanifold 
N in M, a point p in S 1 and the restrictions of luq and Im £lo to Lq are zero, that is, 
woko = (k! +d6 Adt)\ Lo = and Im(ft )| Lo = Im((/tj +w K ) A [At + id9))\ Lo = 0. 



Definition 2.6. Let (X , u) , go, O ) , M x S 1 x R, * and a be 

as in Definitions 12.31 and 12. 4i and let Lq = N x {p} x R be a cylindrical special 
Lagrangian 3-fold in Xq as in Definition 12.51 

A connected, complete special Lagrangian 3-fold L in {X, uj, g, fi) is called asymp- 
totically cylindrical with decay rate /3 for a < (3 < if there exists a compact subset 
K' C L, a normal vector field u on TV x {p} x (R',oo) for some i?' > i?, and a 
diffeomorphism $ : TV x {p} x (i?', oo) — > L\K' such that the following diagram 
commutes: 



M x 5 1 x (i?',oo) 



M x S 1 x (R, oo) 



CX Pu 



N x {p} x {R\ oo) 



(L\K>) 

(1) 
(A' K), 



and V 



0{e l)t ) on N x {p} x (R', oo) for all k > 0. 



Notice that here again, we require L to be connected; however, unlike the case 
of the ambient manifold, it may be that N is not connected, so that L may have 
multiple ends. This will not present a problem in the analysis since we are assuming 
the ends have the same decay rate. 



3. Analysis on Asymptotically Cylindrical Special Lagrangian 

3-Manifolds 

Lockhart and McOwen [TUl E] setup a general framework for elliptic operators 
on noncompact manifolds where the basic tools are weighted Sobolev spaces. Us- 
ing these spaces and the notion of asymptotically cylindrical linear elliptic partial 
differential operators, they get weighted Sobolev embedding theorems and recover 
elliptic regularity and Fredholm results. 

Remark. For an alternate approach to these types of results on noncompact man- 
ifolds, see Melrose p i [13 ] . 

Let L be an asymptotically cylindrical special Lagrangian 3-manifold with data 
as in Definition 12.61 

Definition 3.1. Let A be a vector bundle on L with smooth metrics h on the 
fibers and a connection on A compatible with h; let Aq be a vector bundle on 
N x {p} x R that is invariant under translations in R, that is a cylindrical vector 
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bundle, with metrics ho on the fibers and Va a connection on Aq compatible with 
ho where ho and Vyi are also invariant under translations in R. 

A, h and Va are said to be asymptotically cylindrical, asymptotic to Ao, ho and 
V Ao respectively, if ®*(A) = A on N x {p} x (R',oo) with - h \ = 0(e^) 

and \<f>*(V A ) - Va | = O(e^) as t -> oo. 

Recall that for k > 0, 
L^(A) = |s G r(A) : s is fc-times weakly differentiable and \\s\\xjp < oo| , 
where T(A) is the space of all sections of A, 

i i/p 

I S H^ = (S/ £ | V ^ P dvdL 

and dvolh is the volume element of L, and 

^ioc(^) = r(A) : S G L£(A) for all G C °°(L)}, 

where C^°(L) is the set of all compactly-supported smooth functions on L. 

Definition 3.2. Choose a smooth function p : L — > K such that 5>*(p) = i on 
x {p} x (R',oo). By Definition 12.61 this condition prescribes p on L \ K', so 
it is only necessary to smoothly extend p over K' . For p > 1, k > and 7 £ 1, 
the weighted Sobolev space L p ^(A) is then the set of sections s of A such that 
s G Lf (A), s is fc-times weakly differentiable and 




i i/p 

p 

dvolh I < 00. 



In particular, Lj! (.A) is a Banach space; further, note that different choices of p 
give the same space L p k 7 (A) with equivalent norms since p is uniquely determined 
outside of K . 

Define the Banach space (A) of continuous sections s of A with k continuous 
derivatives such that e _7P |V^s| is bounded for each j = 0, 1, . . . , fc where the norm 
is given by 

k 

|| S |U=£ S upe-^ 



3=0 



In general, from [2] Theorem 1.2], [TUl Theorem 3.10] and UU Lemma 7.2] there 
is the following Weighted Sobolev Embedding Theorem (adapted to our case): 

Theorem 3.3 (Weighted Sobolev Embedding Theorem). Suppose that k,l are in- 
tegers with k > I > and that p, q, 7, 7 are real numbers with p,q > 1. Then 

(1) If > - — - cwid 7>7 i/iere is a continuous embedding of (A) c — > 
Ll-(A); P 

(2) If h Y L > 1 andj>-f there is a continuous embedding of L\ „{A) <^-> C~(A); 
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Now suppose that A, B are two asymptotically cylindrical vector bundles on L 
which arc asymptotic to the cylindrical vector bundles Aq , Bq on N x {p} x R. Let 
Fq : C°°(Aq) — > C°°(Bo) be a cylindrical linear partial differential operator of order 
k 7 that is, a linear partial differential operator which is invariant under translations 
in R, from smooth sections C°°(Aq) of Aq to smooth sections C oc (Bq) of Bq. Let 
F : C°°(A) — > C°°(B) be a linear partial differential operator of order k on L. 

Definition 3.4. F is said to be an asymptotically cylindrical operator, asymptotic 
to F , if, under the identifications $*(A) = A , = B on N x {p} x R, 

|$*(F) - F | = O(e 0t ) as i -» oo. 

From these definitions F extends to a bounded linear operator 

for all p > 1, I > and 7 6 R. We then have the following elliptic regularity result 
PI Theorem 3.7.2]: 

Theorem 3.5. Let F and Fq be as above. If 1 < p < 00, I G Z and 7 G R, £/ien 
/or s G l£+ I)Joc (A), 

< C(\\Fs\\ L ^ + \\,\\^) 

for some C independent of s. 

Definition 3.6. Assume now that F, Fq are also elliptic on L and N x {p} x R 
respectively. Extend F to F : C°°(A ® R C) ->■ C°°(Bo ®r C), and define £> Fo 
as the set of 7 G R such that for some 5 G R there exists a nonzero section 
s G C°°(Ao ®e C), invariant under translations in R, such that Fo(e^ r,+tS ^ t s) = 0. 

The conditions for Fj? +l to be Fredholm are now given by [HJ Theorem 1.1]. 

Theorem 3.7. Using the setup of this section, T>p is a discrete subset o/R, and 
for p > 1, I > and 7 G R, 7 : ^&+/ 7 (^) ~^ -^f 7 (-^) is Fredholm if and only 

This theorem and Theorem 13.51 imply that ker(Fj! +l ) is a finite-dimensional 
vector space of smooth sections of A whenever 7 g" Vp , and from the Weighted 
Sobolev Embedding Theorem and the fact that ker(F^ +l ) is invariant under small 
changes in 7 we have the following: 

Lemma 3.8. If 7 2?f ; iaen i/ie kernel ker(i 7 ^ +; ^) is </ie same /or any choices 
of p > 1 and Z > and is a finite- dimensional vector space consisting of smooth 
sections of A. 

Let F* : C°°(B) -> C°° (A) be the formal adjoint of F; that is, F* is the 
asymptotically cylindrical linear elliptic partial differential operator of order k on 
L such that 

{Fs,s) L 2 {B) = (s,F*s) L 2( A) 
for all compactly-supported s G C°°(A), s G C°°(B). 

Then for p > 1, I > and 7 £ 2? Fo , (F*)^_7 : L\-^ B ) ~> £i fc -i,_ 7 (^) 
is the dual operator of F% +1 where q > 1 satisfies - + - = 1, _ 1 {B) and 
L 9 _ k _ l _ 1 {A) are isomorphic as Banach spaces to the dual spaces (Lf 7 (B))* and 
(£fe + ; )7 (^4))* respectively and these isomorphisms identify (F*) q _ l _ 7 with (F% +1 )*. 
Further, since Theorem l3.5l also holds for negative differentiability, ker((F*)^ ; ) = 
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ker((F*)^ +m _ ) for all m E Z. This allows us to identify coker(F£ +i ) with 
ker((F*)^ +m _ 7 )* for 7 ^ T>p , p, q > 1 with jj + 1 = 1 and Z,m > 0; moreover, the 
index of 7 is then given by 

ind(F£ +()7 ) = dimker(J* +Ji7 ) - dimker((F*)« +m ,- 7 )- (2) 

4. Deformations of Asymptotically Cylindrical Special Lagrangian 
3-folds with Fixed Boundary 

In |19j , we proved the following theorem: 

Theorem 4.1. Assume that (X,oj, g,Q) is an asymptotically cylindrical Calabi- 
Yau 3-fold, asymptotic to M x S x (R, 00) with decay rate a < 0, where M is a 
compact, connected K3 surface, and that L is an asymptotically cylindrical special 
Lagrangian 3-submanifold in X asymptotic to N x {p} x (7?', 00) for R' > R with 
decay rate (3 for a < (3 < where N is a compact special Lagrangian 2- fold in M 
and p G S . 

If 7 < is such that [3 < 7 and such that (0, j 2 } contains no eigenvalues of the 
Laplacian on functions on N nor eigenvalues of the Laplacian on exact 1- forms 
on N , then the moduli space M\ of asymptotically cylindrical special Lagrangian 
submanifolds in X near L, and asymptotic to N x {p} x (R',00) with decay rate 
7, is a smooth manifold of dimension dimV^ where V is the image of the natural 
inclusion of H* S (L, R) in il^L, R). 

Sketch of Proof. Let (X, ui, g, O) be an asymptotically cylindrical Calabi-Yau 3-fold 
with decay rate a < 0, which is asymptotic to the cylindrical Calabi-Yau 3-fold 
(Xo, ojo, go, ^o)- Then there exists a K3 surface M such that Xo = M x S 1 x R 
as in Definition 12. 3( and there exist K C X a compact subset, R > and a 
diffeomorphism * : M x S 1 x (R, 00) -» X \ K such that |**0) - g \ = 0(e at ), 
4'*(a;) = wo+d^i for some for some 1-form £1 such that V fe £i | = 0(e at ) for all k > 
and = £1 + d£ 2 for some holomorphic 2-form £ 2 such that |V fc £ 2 = 0(e at ) 

for all k > 0. 

Let L be an asymptotically cylindrical special Lagrangian 3-submanifold of X 
with decay rate (3 such that a < (3 < 0, which is asymptotic to the cylindrical 
special Lagrangian 3-submanifold Lq of Xo. Then there exists a special Lagrangian 
2-submanifold N of M and a point p £ S* 1 such that Lo = N x {p} x R, and there 
exist X' C £, R' > R, a normal vector field w on iV x {p} x (i?', cxj) such that 
V fc w| = 0(e /3t ) and a diffeomorphism $ : X x {p} x (R',00) — > L\K' making 
Diagram ([T]) commute. 

From the normal bundle i/jv of X and associated exponential map exp^y : —> 
M we get the normal bundle vm x {p} x (R', 00) ofNx {p} x (R', 00) with exponential 
map given by exp N XLXid : vm x {p} x (R' : 00) — > M x S 1 x (i?', 00) where 1 is the 
natural inclusion map. Then for some e > small enough, we get a diffeomorphism 
exp^Y : B2 £ {vn) — * Tn of a subbundle B2 C (vn) of the normal bundle vjq, whose 
fibers are that of the ball of radius 2e about in the vector space v^, with a 
tubular neighborhood Tn of N in M. This in turn gives us a diffeomorphism 
exp^y xl x id: B 2€ (vn) x {p} X (R',00) — > Tjv x S* 1 x (R',00). 

Using these maps we are able to construct an identification : B e i(vL) — » Tj, of 
a subbundle B € i(vl) of the normal bundle of L with a tubular neighborhood of 
1/ in X in such a way that submanifolds L of X near L correspond to small sections 
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of the normal bundle Vl and the asymptotic convergence of L to N x {p} x K 
is reflected in the convergence of these sections to 0. Finally, we can think of 

: B e i(T*L) — » Tl since we are on a special Lagrangian manifold. 

Let r\ : L — > T*L be a 1-form on L, and let denote the graph of r\ in 
X. Define the deformation map F : B e ,(T*L) -> A 2 T*L © A?T*L by F(?7) = 
((0 o T])*(— uj), (9 o r/)*(ImJ7)) and extend to the asymptotically cylindrical op- 
erator F = 7 : Ll +l l {B c ,(v L )) -> A 2 T*L © A 3 T*L where p > 3, / > 1 
and (3 < 7 < 0. We will say more shortly about 7. Note that 3-submanifolds 

1 of X are special Lagrangian if and only if lo\^ = and Imf2|^ = which 
happens precisely when F(jj) = 0, so that F _1 (0) parameterizes the special La- 
grangian submanifolds of X near L. We then showed that F : L P l+[ 7 (-B e / (z^)) — > 
-^l+z 7 (A 2 T*L) © L^ +; 7 (A 3 T*i) is a smooth map of Banach manifolds whose lin- 
earization at is given by dF(0)(ri) = (drj, *d*ri) = (d + *d*)(??) where d + *d* = 
(d + *d*f 2+ln : Ll +l0 {B e ,{v L )) -^ L p 1+ll (K 2 T*L) © L\ +l n (A 3 T*L) is the asymp- 
totically cylindrical linear elliptic operator. 

Now, we want to use the Implicit Mapping Theorem for Banach Manifolds to 
show that F _1 (0) is smooth, finite-dimensional and locally isomorphic to ker((d + 
*d*)2 + / 7 )- In particular we need to know when (d + *d*)2 + ; 7 is Fredholm. It 
turns out that as long as 7 < is such that (0,7 2 ] contains neither eigenvalues 
of the Laplacian d*d on functions on TV nor eigenvalues of the Laplacian dd* on 
exact 1-forms on AT, then (d + *d*)2 +; 7 will be Fredholm. Further, we are able to 
determine that ker((d + *d*)2 +/ ) is the vector space of small smooth harmonic 
1-forms on L with dimension equal to the dimension of the image of the natural 
map Hl s (L) — » given by x ^ [x] an d the cokernel coker((d + *d*)2 + ; 7 ) — 

(ker((d*+d*)f +mi _ 7 ))* with I + I = l, m >i where ker((d* + d*)l +m>J ) consists 
of smooth coclosed 2-forms and smooth harmonic 3-forms. 

Next, the image of F actually lies in exact 2- and exact 3-forms which allows 
us to say further that the image of F lies in the image of (d + *d* . From 
here, we apply the Implicit Mapping Theorem for Banach Spaces: define A = 
ker((d + *d*)2 +; 7 ) and B the subspace of L^ +l 7 (7 1 * L) which is L 2 -orthogonal to 
A. Then A®B '= L p 2+lr/ {T* L)) and (d + *d*)|^ 7 | B : B -> C is an isomorphism of 
vector spaces. Further, it is a homeomorphism of topological spaces by the Open 
Mapping Theorem. Now, let U, V be open neighborhoods of in A, B respectively 
such that U x V C L p 2+l (B € >(T*L)); then F : U x V ^ C is a smooth map of 
Banach manifolds, F(0,6) = (0,0) and dF(Q,0) = (d + *d*)| + , . Thus, there 
exists a connected open neighborhood W C U of and a smooth map G ; W — * V 
such that G(0) = and F(x) = (x,G(x)) = (0,0) for all x € W, so that near 
zero .F -1 (0,0) = {(x,G(x)) : x G W} is smooth, finite-dimensional and locally 
isomorphic to A = ker((d + *d*)2 +/ 7 ). 

Finally, we proved that F _1 (0,0) consists of smooth sections by proving a reg- 
ularity result and then that F _1 (0, 0) is locally homeomorphic to M^, the moduli 
space of special Lagrangian deformations of L, near L, in X. This completes the 
proof of the theorem. □ 

5. Proof of Theorem 11.11 

Assume that (X, u>, g, fi), a, (X = M x S 1 x M, u , g , O ), K C X, R, L, f3, 
Lq = N x {p} x M, K 1 C L, R', v, <&, and & are as in the proof of Theorem l4.ll 
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We begin with a couple of rigidity results. 

Lemma 5.1. N is special Lagrangian in M if and only if N x {p} x R is special 
Lagrangian in M x S 1 x R. 

Proof. Assume that N is special Lagrangian in M. First note that for any p G S 1 , 
{p} x R is Lagrangian in S 1 x 1 since (d9 A dt)|{ p j X R = 0. Then ujo\nx{p}xr — 
(ki + d9 A d£)|jvx{p}xR — k i\n + {d9 A dt)|{ p } X R = since N is Lagrangian in M 
and {p} x R is Lagrangian in S 1 x R. Next, Im O = Im[(«j + jk/c) A (dt + id9)] = 
kj Ad9 + n K Adt. Then (Im £!o)|atx{ p }xr = {k.j Ad9)\ Nx { p} + (k k Adt)\ Nxm = 0. 
Thus we have that N x {p} x R is special Lagrangian in M x S 1 x R. 

Conversely, assume that N x {p} x R is special Lagrangian in M x S 1 x R. Then 
= (ki + d9 A dt)| Arx{p}><R = m\ N . Further, = (kj A d9 + k k A dt)\ Nx{p}xR = 
kk\n A di|ffi. Since dt is the volume form on R, we must have kk\n = 0, thus 
proving that N is special Lagrangian in M. □ 

Lemma 5.2. If L = N x {p} x [a, b] is special Lagrangian in X = M x S 1 x [a, b] 
for some a, b G R, then any special Lagrangian L homologous to L is of the form 
N x {p} x [a,b] for some special Lagrangian submanifold N of M . 

Proof. Begin by normalizing the volume of [a, b] to 1. By the previous result is 
special Lagrangian. Let L be any special Lagrangian of X which is homologous to 
L. We begin with the following calculation. 



The next step will be to parameterize the special Lagrangian submanifolds near 
iV in M. Recall that N is compact, so the moduli space of special Lagrangian 
deformations of N near N in M can be identified with the harmonic 1-forms on 
N which, again since N is compact, can be identified with H 1 (N, R), the first de 
Rham cohomology group. This, however, is just a direct sum of 6 1 (iV) copies of R, 
^(N) the first betti number of N. For the moment then we can let U be an open, 
connected, simply-connected subset of R d for some d < 6 1 (A^) containing 0. Now 
N = Nq can be identified with G U, and we can talk about the special Lagrangian 
submanifolds A^ s close to N n for s close to in U. (We will be able to give a more 
concrete description of U once we have connected all of this to the geometry of L.) 




Now, let L t = Ln(MxS 1 x {t}) for each t G [a, b], so that vol(L t ) > vol(JV) since 
N is a calibrated submanifold of M where equality happens if L t is also calibrated. 
Further, we always have dvol^ > dvoli t Adt locally since L t C L which, by Fubini's 
Theorem, yields that vol(L) > Jj a 6 j vol(L t )dt where equality occurs precisely when 
L is a product with [a, b]. Finally, we see 




□ 
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Recall that since N is special Lagrangian there is an identification of a tubular 
neighborhood T/y of N with 1-forms on N. Identifying N with the zero section 
of T*N, we know that N s can now be identified with the graph of some harmonic 
1-form C s on N. Now, for each s, extend £ s smoothly to a 1-form a s on L which is 
asymptotic to ( s . Since L is special Lagrangian there exists a similar identification 
of Tjj and T*L, so that the graph of a s now corresponds to a 3-submanifold L s of 
X asymptotic to N s x {p} x R. 

Notice that for each s we have chosen a section a s , so that we need to show 
the independence of this choice on the problem. What we are interested in are the 
values of to and Im f2 when restricted to the submanifolds L s , so we need only show 
independence of the choice of L s on these values. Note that when L s is asymptotic 
to N s x {p} x (R, oo), then near infinity uj\ Lg = 0(e 7 ') and (lmQ)\ La = 0(e 7 '). 
On the other hand, since N s is a special Lagrangian, by the long exact sequence 
below, (3), uj\l s , (ImO)|i s are compactly supported; that is, we can take 6 
i?| s (i s ,R), [(Im0)|i 3 ] G Hc S (L s ,M). Moreover, since N and N s are isotopic we 
can take MlJ £ H 2 S (L ,M.) and [(Imf2) |_[,J 6 i/^ s (Lo,K) which are independent 
of the choice of L s ; by Lemma 15.21 we in fact have that each L s is asymptotically 
cylindrical special Lagrangian, asymptotic to N s x {p} x R for some small decay 
rate. 

Consider the linear map T : ff 1 (iV) — > H^ S (L) coming from the long exact 
cohomological sequence: 

H\N) 

i (3) 
Hi(L) 

T is defined explicitly as follows: let ?y be a closed 1-form on N. Extend rj to 
a 1-form rj on L asymptotic to rj. Then dij is a closed, compactly-supported 2- 
form on L. We let ¥([77]) = [dry]. From here, notice that [dij] — if and only 
if rj is a compactly-supported 1-form, that is, if and only if rj corresponds to an 
asymptotically cylindrical special Lagrangian 3- fold near L in X. Thus, we define 
hi to be an open, connected, simply-connected subset of ker Y. 

Recall from the proof of Theorem 14.11 we had the map 9 : B e >(T*L) — > Tl C 
X, simply the explicit identification of small sections of T*L with the tubular 
neighborhood Tl which is compatible with our asymptotic identifications. Now, we 
can assume without loss of generality that for r\ £ L^ +l ^(B e /(T*L) and a s defined 
above we have rj + a s : L — > B e r(T*L), that is, a smooth section of the bundle 
B e /(T*L), so that Q o (rj + a s ) : L — » Tl makes sense. Thus we can define our 
deformation map as 

G : U x L p 2+lri {B t ,{T*L)) -> {2-forms on L} © {3-forms on L} 

by 

G(s,r}) = ((eo( r , + a s ))*(-oj),(Qo(r ] + a s ))*(Jmn)), 
Note that this map is equivalent to the one defined by 

GO, 77) = (7r*(-w| r ( 7)+0 . s) ),7r*((ImO)|r(^+a 8 ))) 

where tt is the projection onto L and T (77 + er s ) is the graph of T {rj + a s ) in X, 
that is, a 3-submanifold L of X. Finally, notice that L is special Lagrangian if 



- H°(L) ff°(iV) -> Hl s (L) ^ H\L) 



0^H 3 cs (L)^H 2 (N)^H 2 (L) 
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and only if G(s, rj) = (0, 0) so that G _1 (0, 0) parameterizes the special Lagrangian 
submanifolds near L in X . 

We now need to show that G _1 (0,0) is smooth, finite-dimensional and locally 
isomorphic to ker((d + *d*)2 +; 7 ) C U x L p +l 7 (T* L). This is accomplished in 
much that same way as in the fixed boundary case. We show that G is a smooth 
map when considered as a map between weighted Sobolev spaces, prove that the 
image of G lies in the image of the asymptotically cylindrical linear elliptic operator 
(d + *d*)2 +/ 7 which will then allow us to use the Implicit Mapping Theorem for 
Banach Manifolds. 

Proposition 5.3. G : U x L^ +l ^(B e >(T*L)) -> L p +l ^(A 2 T*L) ® L p +l ^(A 3 T*L) is 
a smooth map of Banach manifolds with linearization at given by dG(o,o)(S; f?) = 
(d(f] + a s ),*d*(r] + a s )). 

Proof. The functional form of G is 

G(s,r))\ x = H(s,x, r)\ x , Vr)\ x ), xeL 

where H is a smooth function of its arguments. Since p > 3 and I > 1 by Sobolev 
embedding theorem we have L p +l (T*L) <—* G 7 (T*L). General arguments then 
show that locally G(s,rf) is L p l+l . 

From [19], we know that G(0,r?) is in L p 1+ll (A 2 T* L) © L p +lrf (A 3 T*L). When 
s ^ 0, then G(s,0) — (tt*(— w|r( CTa )))^*((Ira^)|r(a-»)))- By construction T(a s ) is 
asymptotic to N s x {p} x K which is special Lagrangian in M x S 1 x M as jV s 
is a special Lagrangian 2-fold. Then u> and Imil on X \ K can be written as 
u = K/ + d6>Adf + 0(e Qt ) and Imfi = Im[(«j + in K ) A (d6> + id*)] + 0(e at ) where a 
is the rate for X converging to M x S 1 x R. r(cr s ) is the graph of a s which is equal to 
N s x {p} x (-R+1, oo ) in M x S 1 x (-R+1, oo). Since AT S is special Lagrangian, for t > 
R+l,uj\r(a s ) = (K/+d6»Ad<+0(e at ))| A r sX {p} x( 7 ?+ i., 3O ) = 0+O(e Qt )|jv s x{p}x(/?+i.oc) 
and (Imn)| r((Ts) = (Im[(Kj + in K ) A (d0 + idt)] + 0(e at ))\ NeX{p}x{R+hoo) = + 

N B x {p} x (i?+l,oc) ■ 

Therefore for r(tr s ) the error terms wjr^s) an d (I m ^)|r(<r s ) come from the degree 
of the asymptotic decay. In particular, as a < 7 we can assume w|r(o- a ) = 0(e 7 *) and 
(ImO)|r(er s ) = 0(e 7 *). We can easily arrange to choose a s such that ^*(ui\r(a s )) G 
L? +ii7 (A 2 T*L)and7r,((ImO)| r(CT3) )e^ +ii7 (A 3 T*L) and that ||7r.(w| r(<r#) )|| L?+|i>r < 
Ci|s| and ||7r*((Imf2)|r( (T , i ))||L p < °2\ s \ for some constants c\ and ci. This implies 

that G{s,t]) e L? +i!7 (A 2 r*i) + © T ^ +i7 (A 3 r*i). 

The linearization of G is d + *d* by the same calculation as before since we are 
still only working locally. □ 

Proposition 5.4. The image of G lies in exact 2-forms and exact 3-forms; specif- 
ically, 

G{U x L p +la {B € ,{T*L))) c d(L p 1+ln (T*L))®d(L p 1+ln (A 2 T*L)) 

C L P ^(A 2 T*L) ® L P ^(A 3 T*L). 

Proof. We need only modify slightly the proof from [TH] . Recall that u and Im Q 
are closed forms, so they determine the de Rham cohomology classes [u] and [Im f2]. 
In particular, oj\l = and Imf2|z, = since L is special Lagrangian, so [u>\l] = 
and [ImO|i] = 0; moreover, since Tl, the tubular neighborhood of L from above, 
retracts onto L, [uj\t l ] = Ml] and [Imfi^] = [Imfi|L]- Thus, there exists n <E 
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C°°(T*T L ) such that lu\ Tl = dn and r 2 G C°°(A 2 T*T L ) such that ImCl\ TL = dr 2 . 
Now, since lu\l = 0, we can assume that t\\l = 0; second, because uj and all 
its derivatives decay at a rate 0(e /3t ) to the translation- invariant 2-form uq on 
M x 5 1 x M, we can assume that ri and all its derivatives decay at a rate 0(e^*) to 
a translation invariant 1-form on T/v X {p} x R. We can make similar assumptions 
regarding r 2 based on the properties of Imfi. Thus, we have T\ G 7 (^*^) an d 
r 2 aJ +li (A 2 rL). 

By Proposition [OJ the map G maps W x L p 2+l JB e ,(T*L)) -> L^ +/ 7 (A 2 T*L) 
L p 1+l7 (A 3 T*L). Thus for (s, n) eU x L p +lrf (T*L) we have: 

- ((9o( ?? + ( T s ))*(- w ),(eo( ?? + ( T s ))*(ImO)) 
= ((6 o (,, + frs ))*(-dri), (0 o (r, + cr s ))*(dr 2 )) 
= (d(9 o (,, + (7 s ))*(-ti), d(0 o (r, + a s ))*(T 2 )). 

□ 

Proposition 5.5. Let C denote the image of the operator (d + *d*)2 + ; 7 - Then 

G:UxL p 2+lrf (B e ,(T*L))^C. 

Proof. Let (s,r]) eU x L\ +l (B e >(T* L)). From our previous work <19., Theorem 
3.10], coker((d + *d*) p +ly ) - (ker((d* + d*)! +r7l) _ 7 ))* with \ + \ = 1 and m > 1, 
so G(s, 77) G C if and only if 

(G(s,7/),(xi,x 2 ))i= = for all (xi,X2) G ker((d* + d*)| +OT _ 7 ). 

By the previous proposition G(s, 77) = (dri,dr2) for some t\ G L p +l ^(T*L) and 
T"2 G 7 (A 2 T*L); then [TH Theorem 3.10] shows xi and X2 are coclosed 2- and 
3-forms respectively which yields the following: 

(G(s,T]), (Xi,X2))l* = (dri,xi}i2 + (dT 2 ,x 2 ) L ^ 

= (n,d*xi)i2 + (T 2 ,d*x 2 )L2 = 0. 

□ 

We are now able to invoke to the Implicit Mapping Theorem for Banach Spaces 
to conclude that G _1 (0, 0) is smooth, finite-dimensional and locally isomorphic to 
ker((d + *d*) p +l 7 )cWx L p +l 7 (T*L) as desired. The final step is to calculate the 
dimension of the moduli space which we do by using Fredholm index arguments. 
(The rest of the proof of Theorem 11.11 will then follow exactly as the proof of 
Theorem 14. 1[ so we will not repeat it here refering the interested reader instead to 
our previous work pjjl Lemmas 4.4-4.5, Proposition 4.6].) 

Proposition 5.6. Let U C H 1 (N,M.) be a subspace of special Lagrangian defor- 
mations of the boundary N. Also, let dG(o,o) ( s j v) represent the linearzation of 
the deformation map G at with moving boundary and dG^ Q ^ (77) represent the 
linearzation of the deformation map G^ at with fixed boundary. Then 

Ind(dG( ,o)) = dimU + Ind(dG[ 0) ) 

where Ind denotes the index of a map. 
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Proof. At s = 

G(0,T}) = G f (rj) = (7r,(-w| r ,),7r,((Imn)| r J) 
with linearization at (0, 0) 

dG(o, )(0,7?) = dG[ 00) (?7). 
Since dG(o,o) is linear, we have 

dG (0 , 0) [a, tj) = dG (0 , ) (s, 0) + dGf 00) (0, ry) 
where dG( ,o)( s jO) is finite-dimensional, s S ToW = R , <i = dimkerT. Then 
Ind(dG (0 , ) : U x ^ +i , 7 (T*L) - L^ 7 (A 2 T*L) © L^ 7 (A 3 T*L)) 
= Ind(dGf 0) : U x L P 2+1 JT*L) -> 7 (A 2 T*L) © 7 (A 3 T*L)) 
= dimW + Ind(dG[ 00) ). 

□ 

Proposition 5.7. TVie dimension of Ml, the moduli space of special Lagrangian 
deformations of an asymptotically cylindrical special Lagrangian submanifold L as- 
ymptotic to N s x {p} x (i?, oc), s d 14, with decay rate 7 is 

dim Ml = dimV + b 2 (L) - b\L) + b°(L) - b 2 (N) + b\N) 

Proof. Let b k (N), b^ s (L) and b h (L) be the corresponding Bctti numbers. We know 
from the previous proposition that 

Ind(dG (0 ,o)) = dimW + Ind(dGjf Q 0) ). 

In particular, 

dim(ker dG(o ! o)) = dim(kerT) + dim(kerdG| y 

that is, the dimension of the moduli space for the moving boundary case is the 
sum of the dimension of the moduli space for the fixed boundary case and the 
dimension of the kernel of T. Taking alternating sums of dimensions in the long 
exact sequence ([3]) shows that the dimension of the kernel of T is 

dim(kerT) = b\N) - b 2 cs {L) + b 2 {L) - b 2 {N) + b 3 cs (L) 

= b 2 (L) - b\L) + b°(L) - b 2 (N) + b\N). 

□ 

6. Theorem O] 

Before we prove Theorem II .21 we need just a bit of background. Let (X, id, g, O) 
be an asymptotically cylindrical Calabi-Yau 3- fold asymptotic to M x S 1 x (R, 00), 
and L an asymptotically cylindrical special Lagrangian submanifold of X asymp- 
totic to N x {p} x (R',00). Let £ be a fixed rank one vector bundle over L. A 
connection D^onL has finite energy if 

J \F E \ 2 dV < 00 

where Fe is the curvature of the connection De and dV is the volume form with 
respect to the metric. 
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Definition 6.1. Using the notation above, the pair (L,De) is called a special 
Lagrangian cycle if L is a special Lagrangian submanifold of X asymptotic to 
N x {p} x (i?', oo) and De is a unitary flat connection over L with finite energy. 

The pair (N, D' E ) is a special Lagrangian cycle if D' E is a unitary flat connection 
over N induced from De- 

Let A4 9 (M) be the moduli space of special Lagrangian cycles in M. In [5], 
Hitchin proves the following theorem: 

Theorem 6.2. The tangent space to A4 9 (M) is naturally identified with the 
space H 1 (N,M.) x H°(N,ad(E 1 )). For line bundles over N, the cup product U : 
H 1 (N,R) x H°(N,R) -> E induces a symplectic structure on M SLag (M). 

We now prove Theorem ll.2l 

Proof of Theorem[TE Let 5 : H°(N) -> H 1 ^, N), j* : N) -> H\L), i* : 

JJ 1 (L) — » H 1 (N) be the canonical maps. They give dual maps : Hi(N) — > Hi(L), 
j* : -> Hi(L,N) and 9 : H\(L,N) -> H (iV). Then we have the following- 

long exact sequence: 

••• -» ff°(JV) -» H\L,N) -» F X (L) -> i? x (iV) -► H 2 (L,N) 

••• -» H X (JV) -» ffi(L) -» ffi(L,iV) -> Hq(N) - H (L) 

Note that the classes coming from the boundary TV should have zero self-intersection, 
so we can rewrite the long exact sequences above starting from instead of iJ° (iV) 
and H\(N). (Note that we are not claiming that H°(N) and Hi(N) are trivial!) 
From the sequences we get 

ker* * ker.» ~ inn* ~ im 9 - = 

kera rmj* 

which implies 

dim(ker<5) = dim(Hi(L, N)) - dim(imj*) (4) 

Note that the only classes that survive in Hi(L) — + Hi(L,N), i. e., do not go to 
zero, have self-intersection zero. Thus, one can indentify imj* with H\{L). This 
implies that there is a short exact sequence 

-» imj* -> Hx{L,N) -» find -» 0, 

or equivalently 

-> ffi(L) -> Hx(L,N) -» ker<5 -» 0. 

Then as a consequence of ((4]) and Theorem 11.11 we conclude that iJ 1 (L,7V) = 
V © ker 5 parameterizes the deformations of L with moving boundary <9L; from 
our previous work, it follows that = V parameterizes the deformations of L 

with fixed boundary, and McLean showed that H 1 (JV) gives the special Lagrangian 
deformations of N. 

Note that the linearization of the boundary value map M SLa9 (X) — > _M Sias (M) 
in this theorem is given by i* and for the connection part (3 : H°(L) — » H°(N). It 
is straightforward that imi* ©im/3 is a subspace of H 1 (N) © H°(N). By definition 
of the cup product, the symplectic structure reduces to on imi* © im/3 and by 
Poincare duality, dim(im i* ©im/3) = | dim(iJ 1 (A^) © H°(N)). Thus, we conclude 
that imi* © im/3 is a Lagrangian subspace of 7? 1 (/V) © H°(N) with the symplectic 
structure defined above and conclude the proof of this theorem. □ 



14 



SEMA SALUR AND A. J. TODD 



References 

[1] Akbulut, S. and Salur, S., Calibrated Manifolds and Gauge Theory, to appear in J. Reine 

Angew. Math., Crelle's J. 
[2] Bartnik, R., The Mass of an Asymptotically Flat Manifold, Comm. Pure Appl. Math. 39 

(1986), 661-693. 

[3] Bryant, R.L. and Salamon, S.M., On the Construction of some Complete Metrics with 

Exceptional Holonomy, Duke Math. J. 58 (1989), 829-850. 
[4] Harvey, F.R. and Lawson, H.B., Calibrated Geometries, Acta. Math. 148 (1982), 47-157. 
[5] Hitchin, N., The Moduli Space of Special Lagrangian Submanifolds, Ann. Scuola Norm. 

Sup. Pisa CI. Sci. (4) 25 (1997), no. 3-4, 503-515 (1998). 
[6] Joyce, D.D., Compact Manifolds with Special Holonomy, OUP, Oxford, (2000). 
[7] Joyce, D.D., and Salur, S., Deformations of Asymptotically cylindrical Coassociative Sub- 
manifolds with Fixed Boundary, Geomeetry and Topology, Vol. 9 (2005) Paper no. 25, 
1115-1146. |math.DG/0408137| 
[8] Kovalev, A.G., Twisted connected sums and special Riemannian holonomy, J. reine angew. 

Math. 565 (2003), 125-160. |math.DG/0012189| 
[9] Leung, N. C, Topological Quantum Field Theory for Calabi-Yau Threefolds and Gi- 
manifolds, Adv. Theor. Math. Phys. 6 (2002), no. 3, 575-591. 
[10] Lockhart, R.B., Fredholm, Hodge and Liouville Theorems on noncompact manifolds, Trans. 

A. M.S. 301 (1987), 1-35. 
[11] Lockhart, R.B. and McOwen, R.C., Elliptic differential operators on noncompact mani- 
folds, Ann. Scuola norm. sup. Pisa, Classe di scienze 12 (1987), 409—447. 
[12] Melrose, R., The Atiy ah- Patodi- Singer Index Theorem, A.K. Peters, Wellesley, MA, (1994). 
[13] Melrose, R., Spectral and Scattering Theory for the Laplacian on Asymptotically Euclidean 
Spaces, in Ikawa M., editor, Spectral and Scattering Theory, Lecture notes in Pure and 
Applied Mathematics, vol. 161, Marcel Dekker Inc., (1994). 
[14] McLean, R.C., Deformations of calibrated submanifolds, Comm. Anal. Geom. 6 (1998), 
705-747. 

[15] Morrey, C.B. Jr., Multiple Integrals in the Calculus of Variations, Grund. der math. Wiss. 
130, Springer- Verlag, Berlin, (1966). 

[16] Salur, S., Asymptotically Cylindrical Ricci-Flat Manifolds, Proceedings of American Math- 
ematical Society, 134, No. 10 (2006), 3049-3056 

[17] Salur, S., Deformations of Asymptotically Cylindrical Coassociative Submanifolds with 
Moving Boundary, |math.DG/0601420V 2. 

[18] Salur, S., Deformations of Special Lagrangian Submanifolds, Communications in Contem- 
porary Mathematics Vol.2, No. 3 (2000), 365-372 

[19] Salur, S. and Todd, A. J., Deformations of Asymptotically Cylindrical Special Lagrangian 
Submanifolds with Fixed Boundary, arXiv:0902.0565 

[20] Tian, G. and Yau, S.T., Complete Kahler Manifolds with Zero Ricci Curvature I, J. Amer. 
Math. Soc. 3 (1990), 579-609. 

[21] Tian, G. and Yau, S.T., Complete Kahler Manifolds with Zero Ricci Curvature II, Invent. 
Math. 106 (1991), 27-60. 

Department of Mathematics, University of Rochester, Rochester, NY, 14627 
E-mail address: salurOmath.rochester.edu 



Department of Mathematics, University of Rochester, Rochester, NY, 14627 
E-mail address: ajtodd@math.rochester.edu 



